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LOCAL NORMAL FORMS OF SINGULAR LEVI-FLAT HYPERSURFACES
ARTURO FERNA´NDEZ-PE´REZ AND GUSTAVO MARRA
Abstract. We study normal forms of germs of singular real-analytic Levi-flat hypersurfaces.
We prove the existence of rigid normal forms for singular Levi-flat hypersurfaces which are
defined by the vanishing of the real part of complex quasihomogeneous polynomials with
isolated singularity. This result generalizes previous results of Burns-Gong [6] and Ferna´ndez-
Pe´rez [14]. Furthermore, we prove the existence of two new rigid normal forms for singular
real-analytic Levi-flat hypersurfaces which are preserved by a change of isochore coordinates,
that is, a change of coordinates that preserves volume.
1. Introduction
In this paper we study normal forms of germs of singular real-analytic Levi-flat hypersurfaces.
Our first result is the following.
Theorem 1. Let M = {F = 0} be a germ of an irreducible singular real-analytic Levi-flat
hypersurface at 0 ∈ C2 such that
(a) F (z) = Re(Q(z)) +H(z, z¯);
(b) Q is a complex quasihomogeneous polynomial of quasihomogeneous degree d with isolated
singularity at 0 ∈ C2.
(c) H is a germ of real-analytic function at 0 ∈ C2 of order strictly greater than d and
H(z, z¯) = H(z¯, z).
Then there exists a germ of biholomorphism φ : (C2, 0)→ (C2, 0) such that
φ(M) =
Re
Q(z) + s∑
j=1
cjej(z)
 = 0
 ,
e1, . . . , es are the elements of the monomial basis of the local algebra of Q of quasihomogeneous
degree strictly greater than d and cj ∈ C.
When M is a germ of a singular real-analytic Levi-flat hypersurface at 0 ∈ Cn, n ≥ 3, the
same result was proved by Ferna´ndez-Pe´rez in [13]. Therefore, the above theorem completes the
study of normal forms of real-analytic Levi-flat hypersurfaces which are defined by the vanishing
of real part of complex quasihomogeneous polynomials with isolated singularity. We also note
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that Theorem 1 generalizes the main results of [6] and [14], because the authors considered the
same theorem for a generic Morse singularity and Arnold singularities of type Ak, Dk, E6, E7
and E8, which are given by complex quasihomogeneous polynomials with inner modality zero
(see for instance [2]).
Topics about singular real-analytic Levi-flat hypersurfaces have been previously studied by
several authors, see for instance [5], [7], [15], [16], [22], and normal forms of CR singular
codimension two Levi-flat submanifolds was studied in [20]. On the other hand, the study
of normal forms of real-analytic hypersurfaces with Levi-form non-degenerate is given by the
theory of Cartan [9] and Chern-Moser [10].
The second part of this paper is devoted to prove the existence of normal forms of singular
real-analytic Levi-flat hypersurfaces which are preserved by a change of isochore coordinates,
that is, a change of coordinates that preserve volume. Our main motivation are the Morse-type
results for singularities of holomorphic functions given by J. Vey [25] and J-P Franc¸oise [17].
More precisely, Vey proved an isochore version of Lemma of Morse for germs of holomorphic
functions at 0 ∈ Cn, n ≥ 2, and Franc¸oise gave a new proof of the same result. A much more
general statement was given by Garay [19]. In this same spirit, we propose here an analogous
version of Vey’s theorem for singular real-analytic Levi-flat hypersurfaces which are defined by
the vanishing of the real part of a generic Morse function. We state the following result.
Theorem 2. Let M = {F = 0} be a germ of an irreducible singular real-analytic Levi-flat
hypersurface at 0 ∈ Cn, n ≥ 2, such that
F (z) = Re(z21 + ...+ z
2
n) +H(z, z¯),
where H(z, z¯) = O(|z|3) and H(z, z¯) = H(z¯, z). Then, there exists a germ of a volume-
preserving biholomorphism φ : (Cn, 0)→ (Cn, 0) and a germ of an automorphism ψ : (C, 0)→
(C, 0) such that
φ(M) = {Re(ψ(z21 + ...+ z
2
n)) = 0}.
The above theorem can be viewed as an isochore version of Burns-Gong’s theorem [6]. On the
other hand, in order to establish our next result we consider some definitions and notations that
will be explained in the section 2: for a germ of a singular real-analytic Levi-flat hypersurface
M with Levi foliation L and singular set Sing(M), we will define the complexificationMC ofM ,
which will be a germ of complex analytic subvariety containedM . The singular set ofMC will be
denoted by Sing(MC). We will see that MC is equipped with a germ of a singular codimension-
one holomorphic foliation LC, which will be the complexification of the Levi foliation L. The
singular set of LC will be denoted by Sing(LC).
Recently in [24], A. Szawlowski presented a volume-preserving normal form for germs of
holomorphic functions that are right-equivalent to the product of all coordinates. Motivated
by [24], we will prove an analogous version for singular real-analytic Levi-flat hypersurfaces.
Theorem 3. Let M = {F = 0} be a germ of an irreducible singular real-analytic Levi-flat
hypersurface at 0 ∈ Cn, n ≥ 2, such that F (z) = Re(z1 · · · zn) + H(z, z¯), where H(z, z¯) =
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O(|z|n+1) and H(z, z¯) = H(z¯, z). Suppose that
Sing(MC) =
⋃
1 ≤ i < j ≤ n
1 ≤ k < ℓ ≤ n
Vijkℓ ,
where Vijkℓ = {(z, w) ∈ C
n × Cn : zi = zj = wk = wℓ = 0} and Sing(MC) ⊂ Sing(LC).
Then, there exists a germ of codimension-one holomorphic foliation FM tangent to M , with a
non-constant holomorphic first integral f(z) = z1 · · · zn +O(|z|n+1) such that
M = {Re(f(z)) = 0}.
As consequence of above theorem and the main result of Szawlowski [24] we have the following
corollary.
Corollary 1. Let M be a germ of an irreducible singular real-analytic Levi-flat hypersurface
as in Theorem 3. If f is right equivalent to the product of all coordinates, f ∼R z1 · · · zn. Then
there exists a germ of a volume-preserving biholomorphism Φ : (Cn, 0) → (Cn, 0) and a germ
of an automorphism Ψ : (C, 0)→ (C, 0) such that
Φ(M) = {Re(Ψ(z1 · · · zn)) = 0},
where Ψ is uniquely determined by f up to a sign.
Let us recall that two germs of holomorphic functions f and g are right equivalent f ∼R g,
if there exist a germ of biholomorphism φ around the origin such that f ◦ φ−1 = g. We
remark that the normal forms of Theorem 3 and Corollary 1 are germs of real-analytic Levi-flat
hypersurfaces whose singular set are of positive dimension. In general, the problem of finding
normal forms of germs of real-analytic Levi-flat hypersurfaces with non-isolated singularities is
very difficult and there are few results about it, see for instance [15].
To prove theorems 1, 2 and 3 we use the techniques of holomorphic foliations developed by
D. Cerveau and A. Lins Neto in [8] and the first author in [12]. These are fundamental in order
to find normal forms of Levi-flat hypersurfaces. Specifically, we apply a result of Cerveau-Lins
Neto that gives sufficient conditions for a real-analytic Levi-flat hypersurface to be defined by
the zeros of the real part of a holomorphic function and a key Lemma that will be stated in
section 5.
This paper is organized as follows: in section 2, we recall some properties and known results
about singular Levi-flat hypersurfaces. In section 3, we state some results about normal forms
for a complex quasihomogeneous polynomial. Section 4 is devoted to recall the notions of
weighted projective space and weighted blow-ups. In section 5 we prove Theorem 1 and give
an application of Theorem 1. The section 6 is dedicated to establish the isochore normal forms
for holomorphic functions given by Vey and Szawlowski. In section 7, we proved Theorem 2
and finally in section 8, we proved Theorem 3 and Corollary 1.
2. Singular Levi-flat hypersurfaces and holomorphic foliations
The following notation will be used in this paper:
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(1) On: the ring of germs of holomorphic functions at 0 ∈ Cn.
(2) O∗n = {f ∈ On|f(0) 6= 0}.
(3) Mn = {f ∈ On|f(0) = 0}, the maximal ideal of On.
(4) An: the ring of germs at 0 ∈ Cn of complex valued real-analytic functions.
(5) AnR: the ring o germs of real valued functions. Note that f ∈ An ∩ AnR ⇐⇒ f = f .
(6) jk0 (f) is the k-jet at 0 ∈ C
n of f ∈ On.
(7) Diff(Cn, 0): the group of germs of biholomorphisms f : (Cn, 0) → (Cn, 0) at 0 ∈ Cn
with the operation of composition.
LetX be a compact connected complex manifold of complex dimension n ≥ 2. A codimension-
one singular holomorphic foliation F on X is given by a covering of X by open subsets {Uj}j∈J
and a collection of integrable holomorphic 1-forms ωj on Uj, ωj ∧ dωj = 0, having zero set of
complex codimension at least two such that, on each non-empty intersection Uj ∩ Uk, we have
(1) ωj = gjkωk, with gjk ∈ O
∗(Uj ∩ Uk).
Let Sing(ωj) = {p ∈ Uj : ωj(p) = 0}. Condition (1) implies that Sing(F) :=
⋃
j∈J
Sing(ωj) is a
complex subvariety of complex codimension at least two in X .
Let M be a germ of a real codimension-one irreducible real-analytic subvariety at 0 ∈ Cn,
n ≥ 2. Without loss of generality we may assume that M = {F (z) = 0}, where F is a germ of
irreducible real-analytic function at 0 ∈ Cn. We define the singular set of M as
Sing(M) = {F (z) = 0} ∩ {dF (z) = 0}
and its regular part is defined as M∗ = M \ Sing(M). Consider the distribution of complex
hyperplanes L on M∗ given by
Lp := ker(∂F (p)) ⊂ TpM
∗ = ker(dF (p)), p ∈M∗.
This distribution is called Levi distribution. When L is integrable, in the sense of Frobenius,
then we say that M is Levi-flat. Since M∗ admits an integrable complex distribution, it is
foliated locally by a real-analytic codimension-one foliation L on M∗, the Levi foliation. Each
leaf of L is a codimension-one holomorphic submanifold immersed in M∗.
The distribution L can be defined by the real-analytic 1-form η = i(∂F − ∂¯F ), the Levi form
of F . The integrability condition is equivalent to
(∂F − ∂¯F ) ∧ ∂∂¯F |M∗ = 0
which using the fact that ∂F + ∂¯F = dF , is equivalent to
∂F (p) ∧ ∂¯F (p) ∧ ∂∂¯F (p) = 0 ∀ p ∈M∗.
We refer to the book [4] for the basic language and background about Levi-flat hypersurfaces.
Suppose that M is Levi-flat as above. If Sing(M) = ∅, then we say that M is smooth. In
this case, according to Cartan [9], around the origin of Cn one may find suitable coordinates
(z1, ..., zn) of C
n such that the germ of M at 0 ∈ Cn is given by
{Re(zn) = 0}.
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This is called the local normal form for a smooth real-analytic Levi-flat hypersurface M at
0 ∈ Cn.
In order to build singular real-analytic Levi-flat hypersurfaces which are irreducible, we
consider the following lemma from [8].
Lemma 2.1. Let f ∈ On, f 6= 0, f(0) = 0 which is not a power in On. Then Im(f) and
Re(f) are irreducible in AnR.
Before proving our results, let us describe some known results and examples.
Example 2.1. Let f ∈ On be a germ of non-constant holomorphic function with f(0) = 0.
Then the set M = {Re(f) = 0} is Levi-flat and its singular set is given by crit(f) ∩M , where
crit(f) is the set of critical points of f . The leaves of the Levi foliation L onM are the imaginary
levels of f .
Example 2.2. In Cn, n ≥ 2, let M be given as the set of zeros of
F (z1, z2, ..., zn) = z1z1 − z2z2.
ThenM is Levi-flat and its singular set biholomorphic to Cn−2. This real-analytic hypersurface
is called quadratic complex cone. The leaves of the Levi foliation L on M are the hyperplanes
Lc = {(z1, z2, ..., zn) ∈ C
n : z1 − c · z2 = 0} where c ∈ R.
Example 2.3. Let M be a germ of real-analytic hypersurface at 0 ∈ Cn given by {F = 0},
where
F (z1, ..., zn) = Re(z
2
1 + ...+ z
2
n) +H(z, z¯), and H(z, z¯) = O(|z|
3).
If M is Levi-flat, then, according to [6], there exists a holomorphic coordinate system such that
M = {Re(x21+ ...+x
2
n) = 0}. We remark that this result was generalized in [13], where the first
author considered the real part of a complex homogeneous polynomial of degree k ≥ 2 with an
isolated singularity.
Example 2.4. We considere the famous Ak, Dk, Ek singularities or simple singularities of
Arnold [1], [2]:
Type Normal form Conditions
Ak z
2
1 + z
k+1
2 + . . .+ z
2
n, k ≥ 1
Dk z
2
1z2 + z
k−1
2 + z
2
3 + . . .+ z
2
n, k ≥ 4
E6 z
4
1 + z
3
2 + z
2
3 + . . .+ z
2
n
E7 z
3
1z2 + z
3
2 + z
2
3 + . . .+ z
2
n
E8 z
5
1 + z
3
2 + z
2
3 + . . .+ z
2
n
Let M be a germ of singular real-analytic Levi-flat hypersurface at 0 ∈ C2 defined by {F = 0},
where
F (z) = Re(Q(z)) +H(z, z¯),
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where Q is a complex quasihomogeneous polynomial of Ak, Dk, or Ek type of quasihomogeneous
degree d. Then in [14] it has been proved that there exists a holomorphic coordinate system
such that
M = {Re(Q(z)) = 0}.
We remark that, in this case, the elements e1, . . . , es of the monomial basis of the local algebra
of Q of quasihomogeneous degree strictly greater than d are zero, because the inner modality
of the Ak, Dk, Ek singularities are zero.
2.1. Complexification of singular Levi-flat hypersurfaces. Let M be a germ of a sin-
gular real-analytic Levi-flat hypersurface at 0 ∈ Cn defined by the set of zeros of F ∈ AnR.
Let Sing(M), M∗ and L be the singular set, the regular part and the Levi foliation on M∗
respectively.
We write the Taylor series of F around 0 ∈ Cn as
F (z) =
∑
µ,ν
Fµνz
µz¯ν ,
where Fµν ∈ C, µ = (µ1, ..., µn), ν = (ν1, ..., νn), zµ = z
µ1
1 · · · z
µn
n and z¯
ν = z¯ν11 · · · z¯
νn
n . Since
F ∈ AnR, the coefficients verify Fµν = Fνµ. We define the complexification FC ∈ O2n of F as
the function defined by the power series
FC(z, w) =
∑
µ,ν
Fµνz
µwν .
If the power series for F converges in a polydisc Dnr = {z ∈ C
n : |zj| ≤ r} then the power series
of the complexification FC of F is convergent in the polydisc D
2n
r and therefore is holomorphic
at 0 ∈ C2n. Moreover,
F (z) = FC(z, z¯) ∀z ∈ D
n
r .
This complexification does not depend on choice of coordinate system, see for instance [8].
As seen before, the Levi 1-form is given by η = i(∂F − ∂¯F ). Its complexification is the germ
of holomorphic 1-form
ηC = i
n∑
j=1
(
∂FC
∂zj
dzj −
∂FC
∂wj
dwj
)
= i
∑
µ,ν
(Fµνw
νd(zµ)− Fµνz
µd(wν)).
The complexification of M is defined as MC = {FC = 0}. As before, MC does not depend on
choice of coordinate system. The regular part of MC is
M∗C =MC \ {dFC = 0}
and the singular part of MC is
Sing(MC) =MC ∩ {dFC = 0}.
Since η is integrable on M∗, then also ηC|M∗
C
is integrable and defines a codimension-one holo-
morphic foliation on M∗
C
, which will be denoted by LC. Such foliation is called complexification
of L.
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Remark 2.1. We can write ηC = i(α− β), where
α :=
n∑
j=1
∂FC
∂zj
dzj and β :=
n∑
j=1
∂FC
∂wj
dwj .
Note that dFC = α+ β, then
ηC|M∗
C
= (ηC + idFC)|M∗
C
= 2iα|M∗
C
.
Analogously
ηC|M∗
C
= (ηC − idFC)|M∗
C
= −2iβ|M∗
C
.
In particular, α|M∗
C
and β|M∗
C
define LC on M∗C and Sing(LC) = Sing(ηC|M∗C ).
Definition 2.1. LetM = {F = 0} be a germ at 0 ∈ Cn of a real-analytic Levi-flat hypersurface
and MC its complexification. We define the algebraic dimension of Sing(M) as the complex
dimension of Sing(MC).
Let W = M∗
C
\ Sing(ηC|M∗
C
) and let Lp be the leaf of LC through p ∈ W . We have the
following lemma from [8].
Lemma 2.2. For any p ∈W , the leaf Lp is closed (with the induced topology) in M∗C.
The following theorem, due to D. Cerveau and A. Lins Neto [8] is the key ingredient for
finding normal forms of singular Levi-flat hypersurfaces.
Theorem 2.3. LetM = {F = 0} be a germ of an irreducible real-analytic Levi-flat hypersurface
at 0 ∈ Cn, n ≥ 2, with Levi 1-form η. Assume that the algebraic dimension of Sing(M) is at
most 2n − 4. Then there exists a unique germ at 0 ∈ Cn of codimension-one holomorphic
foliation FM tangent to M , if one of the following conditions is fulfilled:
(a) n ≥ 3 and codM∗
C
(Sing(ηC|M∗
C
)) ≥ 3.
(b) n ≥ 2, codM∗
C
(Sing(ηC|M∗
C
)) ≥ 2 and LC has a non-constant holomorphic first integral.
Moreover, in both cases the foliation FM has a non-constant holomorphic first integral f such
that M = {Re(f) = 0}.
We recall that germ of holomorphic function h is called a holomorphic first integral for a
germ of codimension-one holomorphic foliation F if its zeros set is contained in Sing(F) and its
level hypersurfaces contain the leaves of F .
3. Normal forms for a quasihomogeneous polynomial
The local algebra of f ∈ On is defined as
Af =
On〈
∂f
∂z1
, ..., ∂f∂zn
〉 .
The number µ(f, 0) = dimC(Af ) is the Milnor number of f at 0 ∈ Cn. This number is finite
if and only if f has an isolated singularity at the origin. With these definitions, Morse lemma
may be stated as follows: if 0 ∈ Cn is an isolated singularity of f ∈ On with µ(f, 0) = 1, then
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f is right equivalent to is second jet j20(f). The Morse lemma has the following generalization,
and the proof can be found in [3].
Theorem 3.1. If f ∈ Mn has an isolated singularity at 0 ∈ Cn with Milnor number µ, then f
is right equivalent to jµ+10 (f).
Definition 3.1. A germ of function f ∈ On is quasihomogeneous with weights w1, ..., wn ∈ Z
∗
+
if, for each λ ∈ C∗,
f(λw1z1, ..., λ
wnzn) = λ
df(z1, ..., zn).
The number d is the quasihomogeneous degree of it.
The previous definition is equivalent to the following: f(z) is quasihomogeneous of type
(w1, ..., wn) if it can be expressed as a linear combination of monomials z
i1
1 z
i2
2 · · · z
in
n for which
the equality
i1w1 + ...+ inwn = d
holds. The number d is the quasihomogeneous degree defined above.
Definition 3.2. The Newton support of germ f =
∑
ai1...inx
i1 . . . xin is defined as
supp(f) = {(i1, . . . , in) : ai1...in 6= 0}.
In the above situation, if f =
∑
aIx
I , I = (i1, . . . , in), x
I = xi11 . . . x
in , then
supp(f) ⊂ Γ = {I : w1i1 + . . .+ wnin = d}.
The set Γ is called the diagonal. One can define the quasihomogeneous filtration of the ring On.
It consists of the decreasing family of ideals Ad ⊂ On, Ad′ ⊂ Ad for d < d′. Here Ad = {Q :
degrees of monomials from supp(Q) are deg(Q) ≥ d}; (the degree is quasihomogeneous). When
i1 = . . . = in = 1, this filtration coincides with the usual filtration by the usual degree.
Definition 3.3. A function f is semiquasihomogeneous if f = Q+ F ′, where Q is quasihomo-
geneous of quasihomogeneous degree d and µ(Q, 0) <∞, and F ′ ∈ Ad′ , d′ > d.
From [2] we have the following result of V.I. Arnold.
Theorem 3.2. Let f = Q+F ′ be a semiquasihomogeneous function. Then f is right-equivalent
to a function Q(z) +
∑
j
cjej(z) where e1, ..., ej are elements of the monomial basis of the local
algebra AQ of quasihomogeneous degree strictly greater than d and cj ∈ C.
Example 3.1. Let f = Q + F ′, where Q(x, y) = x2y + yk, then f is right equivalent to Q.
Indeed, the basis of the local algebra
AQ = O2/〈xy, x
2 + kyk−1〉
is 1, x, y, y2, . . . , yk−1. Here µ(Q, 0) = k + 1.
In the proof of Theorem 1, we will used the following Lemma of Saito [23].
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Lemma 3.3. If f ∈ M2 is a complex quasihomogeneous polynomial, then f factors itself
uniquely as
f(z1, z2) = µz
m
1 z
n
2
k∏
ℓ=1
(zp2 − λℓz
q
1),
where m,n, p, q ∈ Z∗+, µ, λℓ ∈ C
∗ for each ℓ = 1, ..., k, and gcd(p, q) = 1.
4. Weighted projective varieties and weighted blow-ups
In this section we present an overview of weighted projective spaces and weighted blow-ups.
We refer to [11] and [21] for a more extensive presentation of the subject.
Let σ := (a0, . . . , an) be positive integers. The group C
∗ acts on Cn+1\{0} by
λ · (x0, . . . , xn) = (λ
a0x0, . . . , λ
anxn).
The quotient space under this action is the weighted projective space of type σ, P(a0, . . . , an) :=
Pσ. In case ai > 1 for some i, Pσ is a compact algebraic variety with cyclic quotient singularities.
Let [x0 : . . . : xn] be the homogeneous coordinates on P(a0, . . . , an). The affine piece xi 6= 0 is
isomorphic to Cn/Zai , here Zai denote the quotient group modulo ai. Let ǫ be an a
th
i -primitive
root of unity. The group acts by
zj 7−→ ǫ
ajzj
for all j 6= i, on the coordinates (z0, . . . , zˆi, . . . , zn) of Cn; here zj is thought of as xj/x
1/ai
i .
Compare this to the case of Pn where the affine coordinates on xi 6= 0 are zj = xj/xi.
Definition 4.1. P(a0, . . . , an) is well-formed if for each i
gcd(a0, . . . , aˆi, . . . , an) = 1.
We have a natural orbifold map φσ : P
n → Pσ defined by
[x0 : . . . : xn] 7→ [x
a0
0 : . . . : x
an
n ]σ(2)
Definition 4.2. Let X be a closed subvariety of a weighted projective space Pσ, and let
ρ : Cn+1\{0} → Pσ be the canonical projection. The punctured affine cone C∗X over X is given
by C∗X = ρ
−1(X), and the affine cone CX over X is the completion of C
∗
X in C
n+1.
Observe that C∗ acts on C∗X giving X = C
∗
X/C
∗. Note that we have the following fact.
Lemma 4.1. C∗X has no isolated singularities.
Definition 4.3. We say that X in Pσ is quasi-smooth of dimension m if its affine cone CX is
smooth of dimension m+ 1 outside its vertex 0 ∈ Cn+1.
When X ⊂ Pσ is quasi-smooth the singularities of X are given by the C∗-action and hence
are cyclic quotient singularities. Notice that this definition is not equivalent to the smoothness
of the inverse image φ−1σ (X) under the quotient map given in (2).
Another important fact (cf. [11], Theorem 3.1.6) is that a quasi-smooth subvariety X of Pσ
is a V -variety, that is, a complex space which is locally isomorphic to the quotient of a complex
manifold by a finite group of holomorphic automorphisms.
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Now, let X = Cn/Zm(a1, . . . , an) be a cyclic quotient singularity. That is, X is the quotient
variety Cn/τ , where τ is given by
xi 7−→ ǫ
aixi
for all i, where ǫ is a mth-primitive root of unity.
4.1. Weighted blow-ups. In this part we will construct the blow-up of X . First, we describe
X using the theory of toric varieties (cf. [18]). Let
e1 = (1, 0, . . . , 0), . . . , en = (0, . . . , 0, 1) and e =
1
m
(a1, . . . , an).
Then X = Cn/Zm(a1, . . . , an) is the toric variety corresponding to the lattice N = Ze1 + . . .+
Zen+Ze and the cone C = R≥0e1+. . .+R≥0en. Denote by△ the fan associated to X consisting
of all the faces of C.
Take ν = 1m(a1, . . . , an) ∈ N with a1, . . . , an > 0 and assume that e1, . . . , en and ν generate
the lattice N . Such ν ∈ N will be called a weight. We can construct the weighted blow-up
E : X˜ → X = Cn/Zm(a1, . . . , an)
with weight ν as follows: we divide the cone C by adding the 1-dimensional cone R≥0ν, that
is, we divide C into n cones
Ci = R≥0e1 + . . .+
i−th︷ ︸︸ ︷
R≥0ν + . . .+ R≥0en (i = 1, . . . , n).
Let △′ be the fan consisting of all the faces of C1, . . . , Cn. Then X˜ is the toric variety cor-
responding to N and △′, while E is the morphism induced from the natural map of fans
(N,△′)→ (N,△).
The variety X˜ is covered by n affine open sets U˜1, . . . , U˜n which correspond to the cones
C1, . . . , Cn respectively. These affine open sets and E are described as follows:
(3) U˜i = C
n/Zai(−a1, . . . ,
i−th︷︸︸︷
m , . . . ,−an)
(4) E|U˜i : U˜i ∋ (y1, . . . , yn) 7−→ (y1y
a1/m
i , . . . ,
i−th︷ ︸︸ ︷
y
ai/m
i , . . . , yny
an/m
i ) ∈ X.
The exceptional divisor D of E is isomorphic to the weighted projective space P(a1, . . . , an)
and D ∩ U˜i = {yi = 0}/Zai .
5. First integral for the Levi foliation and the proof of Theorem 1
In this section, we give sufficient conditions (dynamical criteria) to find a non-constant
holomorphic first integral for the complexification of the Levi foliation LC on MC and then we
prove Theorem 1.
Let π be a weighted blow-up on MC with exceptional divisor E. Denote by M˜C the strict
transform of MC by π and by F˜ = π∗(LC) the induced foliation on M˜C. Suppose that M˜C is a
LOCAL NORMAL FORMS OF SINGULAR LEVI-FLAT HYPERSURFACES 11
smooth variety and consider C˜ = M˜C ∩ E. Assume that C˜ is invariant by F˜ ; i.e., it is a union
of leaves and singularities of F˜ .
Let S := C˜ \ Sing(F˜). Then S is a smooth leaf of F˜ . Take a point p0 in S and a transverse
section Σ passing through p0. Let G ⊂ Diff(Σ, p0) be the holonomy group of the leaf S; since
dim(Σ) = 1, we assume that G ⊂ Diff(Σ, 0). In this context, we have the following result of
Ferna´ndez-Pe´rez [14].
Lemma 5.1. Assume the following:
(a) For any p ∈ S \ Sing(F˜), the leaf Lp of F˜ through p is closed in S.
(b) g′(0) is a primitive root of unity, for all g ∈ G, g 6= id.
Then LC has a non-constant holomorphic first integral.
To continue, we use the above lemma to prove the following proposition.
Proposition 5.2. LetM be a germ of an irreducible singular real-analytic Levi-flat hypersurface
at 0 ∈ C2 satisfying the hypotheses of Theorem 1. Then we have the following:
(a) the algebraic dimension of Sing(M) is 0;
(b) codM∗
C
(Sing(LC)) = 2;
(c) LC has a non-constant holomorphic first integral.
Proof. Let M be as in Theorem 1. Then M is given by M = {F = 0}, where
F (z) = Re(Q(z)) +H(z, z¯),
Q is a complex quasihomogeneous polynomial of quasihomogeneous degree d of type (a, b) with
an isolated singularity at 0 ∈ C2 and H is a germ of real-analytic function at 0 ∈ C2 of order
strictly greater than d. It follows from Lemma 3.3 that Q can be written as
(5) Q(x, y) = µxmyn
k∏
ℓ=1
(yp − λℓx
q),
where m,n, p, q ∈ Z∗+, µ, λℓ ∈ C
∗ for each ℓ = 1, ..., k, and gcd(p, q) = 1. Since Q has an isolated
singularity at 0 ∈ C2, then we necessarily that both m and n are either 0 or 1.
On the other hand, since Q has weights (a, b) with gcd(a, b) = 1 we have each polynomial
(yp − λℓxq) has also weights (a, b), which implies that aq = bp. Since p, q are relatively prime,
we get a = p and b = q.
For simplicity, using (5), we write
Q(x, y) = µxmyn
k∏
ℓ=1
Qℓ(x, y),
where Qℓ(x, y) = (y
p − λℓxq). Without loss of generality, we can assume that Q has real
coefficients. Then the complexification FC of F is given by
FC(x, y, z, w) =
1
2
Q(x, y) +
1
2
Q(z, w) +HC(x, y, z, w).
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Since Q has an isolated singularity at 0 ∈ C2, we get MC = {FC = 0} ⊂ (C4, 0) has an isolated
singularity at 0 ∈ C4 and so the algebraic dimension of Sing(M) is zero. Hence item (a) is
proved. Consider the algebraic subvariety contained in P(a, b, a, b)
VMC = {Q(Z0, Z1) +Q(Z2, Z3) = 0},
where [Z0 : Z1 : Z2 : Z3] ∈ P(a, b, a, b). It is not difficult to see that Sing(MC) = Sing(VMC).
Note that VMC can be considered as V -variety
VMC ⊂ Z ≃ C
4/Z(a, b, a, b).
Now we consider the weighted blow-up E : Z˜ → Z, with weight δ = (a, b, a, b). Let M˜C
be the strict transform of MC by E and D ≃ Pδ the exceptional divisor, with coordinates
(Z0, Z1, Z2, Z3) ∈ C4 \ {0}. The intersection of M˜C with Pδ is
C˜ := M˜C ∩ Pδ = {Q(Z0, Z1) +Q(Z2, Z3) = 0}.
It follows from Remark 2.1 that LC can be defined by α|M∗
C
= 0, where
α = Q(x, y)
[(
m
x
− qxq−1
k∑
ℓ=1
λℓ
Qℓ(x, y)
)
dx +
(
n
y
+ pyp−1
k∑
ℓ=1
1
Qℓ(x, y)
)
dy
]
+ θ(6)
and θ = 2
(
∂HC
∂x dx+
∂HC
∂y dy
)
is a holomorphic 1-form with order strictly greater than d. It
follows from (6) that Sing(LC) has codimension two proving item (b). The rest of the proof is
devoted to the proof of item (c). Note that the leaves of LC are closed in M∗C \ Sing(LC) by
Lemma 2.2. To apply Lemma 5.1 we need calculate the holonomy group associated to LC.
For each i = 1, 2, 3, 4, we have the affine open sets
U˜i = C
4/Zai(−a, ..., 1︸︷︷︸
i−th
, ...,−b).
We work in U˜3 with coordinates (x1, y1, z1, w1). In this open subset, the blow-up E has the
following expression
E(x1, y1, z1, w1) = (x1z
a
1 , y1z
b
1, z
a
1 , w1z
b
1),
with D ∩ U˜3 = {z1 = 0} /Za. In this chart, the pull-back of α by E is given by
E∗α = zpm+qn+kpq−11 α1,
where
α1 = Q(x1, y1)
[(
mz1
x1
− qxq−11 z1
k∑
ℓ=1
λℓ
Qℓ(x1, y1)
)
dx1+(7) (
nz1
y1
+ pyp−11 z1
k∑
ℓ=1
1
Qℓ(x1, y1)
)
dy1+(
pm+ qn− pqxq1
k∑
ℓ=1
λℓ
Qℓ(x1, y1)
+ pqyp1
k∑
ℓ=1
1
Qℓ(x1, y1)
)
dz1
]
+ z1θ1
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and θ1 = E
∗θ/zpm+qn+kpq1 . The pull-back foliation L˜C is defined by α1|M˜∗
C
= 0. The intersection
of C˜ with the open subset U˜3 is
C˜ ∩ U˜3 = {z1 = Q(x1, y1) +Q(1, w1) = 0}/Za,
which implies that C˜ is invariant by L˜C by (7), and
Sing(L˜C) ∩ U˜3 = {z1 = Q(x1, y1) = Q(1, w1) = 0}/Za.
In the chart U˜4, with coordinates (x2, y2, z2, w2), the blow-up is
E(x2, y2, z2, w2) = (x2w
a
2 , y2w
b
2, z2w
a
2 , w
b
2)
and D ∩ U˜4 = {w2 = 0}/Zb. In this chart, the pull-back of α is
E∗α = wpm+qn+kpq−12 α2,
where
α2 = Q(x2, y2)
[(
mw2
x2
− qxq−12 w2
k∑
ℓ=1
λℓ
Qℓ(x2, y2)
)
dx2+(8) (
nw2
y2
+ pyp−12 w2
k∑
ℓ=1
1
Qℓ(x2, y2)
)
dy2+(
pm+ qn− pqxq2
k∑
ℓ=1
λℓ
Qℓ(x2, y2)
+ pqyp2
k∑
ℓ=1
1
Qℓ(x2, y2)
)
dw2
]
+ w2θ2
and θ2 = E
∗θ/wpm+qn+kpq2 . The pull-back foliation L˜C is given by α2|M˜∗
C
= 0. Similarly as
before, the intersection of C˜ with the open subset U˜4 is
C˜ ∩ U˜4 = {w2 = Q(x2, y2) +Q(z2, 1) = 0}/Zb,
which is invariant by L˜C by (8), and
Sing(L˜C) ∩ U˜4 = {w2 = Q(x2, y2) = Q(z2, 1) = 0}/Zb.
Now, we focus in the chart U˜3. In this open subset, the action of the group is given by
x1 7→ x1,
y1 7→ e
2bipi
a y1,
w1 7→ e
2bipi
a w1.
The exceptional divisor in this chart is given by
Sing(D) ∩ U˜3 = {y1 = z1 = w1 = 0}/Za
and therefore the intersection of the singular set of L˜C with the singular set of the exceptional
divisor is
Sing(D) ∩ Sing(L˜C) ∩ U˜3 = {y1 = z1 = w1 = Q(1, 0) = 0}/Za.
Due to the factorization of Q given in (5), we investigated four cases.
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• m = n = 1. In this case, Q(1, 0) = 0 and, since Q(1, w1) is a complex polynomial in w1,
there exists another complex polynomial Q˜ such that Q(1, w1) = w1Q˜(w1) such that
Q˜(0) 6= 0. Note that the power for w1 may not be higher than one, because this would
conflict with the fact that n = 1 in the factorization of Q. Now, if r is a root of Q˜, then
r 6= 0 and therefore (0, 0, 0, r) ∈ Sing(L˜C) ∩ U˜3 and (0, 0, 0, r) /∈ Sing(D) ∩ U˜3. Hence,
we get Sing(D) ∩ U˜3 ( Sing(L˜C) ∩ U˜3.
• m = 0, n = 1. The same argument as the previous one holds in this case and therefore
we have Sing(D) ∩ U˜3 ( Sing(L˜C) ∩ U˜3.
• m = 1, n = 0. In this case, Q(1, 0) 6= 0 and therefore Sing(D) ∩ Sing(L˜C) ∩ U˜3 = ∅.
• m = 0. Same as before, we conclude that Sing(D) ∩ Sing(L˜C) ∩ U˜3 = ∅.
We arrive to the same conclusions working in the chart U˜4. In both cases we have shown that,
either Sing(D) ∩ Sing(L˜C) = ∅ or that Sing(D) ( Sing(L˜C).
Consider the set S := C˜ \ Sing(L˜C). This set is a leaf of L˜C. Let q0 be a point in S \ Sing(D)
and a section Σ transverse to S passing through q0. Working on the chart U˜3, we may assume
without loss of generality that q0 = (1, 0, 0, 0) and Σ = {(1, 0, t, 0) : t ∈ C}. Let G be the
holonomy group of the leaf S of L˜C in Σ. Recall that
Sing(L˜C) ∩ U˜3 = {z1 = Q(x1, y1) = Q(1, w1)}/Za.
This set splits into several connected components, separated in the following cases:
• m = 1, n = 1. In this case,
Q(x, y) = xy
k∏
ℓ=1
Qℓ(x, y),
where Qℓ(x, y) = (y
p − λℓxq), gcd(p, q) = 1 and aq = pb = d. The set Sing(L˜C) ∩ U˜3
splits as the union of the following connected components:
Cℓrs = {z1 = Qℓ(x1, y1) = w1 − ε
(r)
p (λs) = 0}/Za,
Cx1rs = {z1 = x1 = w1 − ε
(r)
p (λs) = 0}/Za,
Cy1rs = {z1 = y1 = w1 − ε
(r)
p (λs) = 0}/Za,
where s, ℓ ∈ {1, ..., k} and r ∈ {1, ..., p} and for each r, ε
(r)
p (λs) is an p-th root of
λs. According to [26], the fundamental group π1(S, q0) may be written in terms of
generators and its relations as
π1(S, q0) = 〈γℓrs, δℓrs, ξrs, τrs : γ
p
ℓrs = δ
q
ℓrs〉 ℓ, s = 1, ..., k
r = 1, ..., p
where, for each ℓ, r, s, the elements γℓrs and δℓrs are loops around the connected com-
ponent Cℓrs of Sing(L˜C) ∩ U˜3, ξrs are loops around C
x1
rs and τrs a loop around C
y1
rs . If
G is the holonomy group of the leaf S of L˜C in the section Σ, then
G = 〈fℓrs, gℓrs, hrs, krs〉 ℓ, s = 1, ..., k
r = 1, ..., p
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where fℓrs, gℓrs, hrs and krs correspond to the equivalence classes of the loops γℓrs, δℓrs,
ξrs, τrs in π1(S, q0), respectively. Each one of these loops lifts up to Γℓrs(t), ∆ℓrs(t),
Ξrs(t), Υrs(t), respectively, under the condition that each one of these belong on the
leaves of L˜C and that this foliation is defined by α1|M∗
C
= 0 (see for instance (7)). We
have the coefficients of the linear terms of the holonomy maps are given by
f ′ℓrs(0) = e
−
2(1+qk)
p+q+pqkπi,
g′ℓrs(0) = e
− 2
q (
p+pqk
p+q+pqk )πi,
h′rs(0) = 1,
k′rs(0) = e
−2( 1+pkp+q+pqk )πi.
According to Lemma 5.1, the foliation L˜C has a holomorphic non-constant first integral
and the proof in this case is finished.
• m = 0, n = 1. In this case,
Q(x, y) = y
k∏
ℓ=1
Qℓ(x, t),
where Qℓ = (y
p−λℓxq), gcd(p, q) = 1 and aq = pb = d. The set Sing(L˜C)∩ U˜3 splits as
the union of the following connected components:
Cℓrs = {z1 = Qℓ(x1, y1) = w1 − ε
(r)
p (λs) = 0}/Za,
Cy1rs = {z1 = y1 = w1 − ε
(r)
p (λs) = 0}/Za,
where s, ℓ ∈ {1, ..., k}, r ∈ {1, ..., p} and, for each r, ε
(r)
p (λs) is a p-th root of λs. The
group π1(S, q0) is written in terms of generators and its relations as
π1(S, q0) = 〈γℓrs, δℓrs, τrs : γ
p
ℓrs = δ
q
ℓrs〉 ℓ, s = 1, ..., k
r = 1, ..., p
where, for each ℓ, r, s, γℓrs and δℓrs are loops around C
ℓ
rs and τrs a loop around C
y1
rs . If
G is the holonomy group of the leaf S of L˜C in the section Σ then
G = 〈fℓrs, gℓrs, krs〉 ℓ, s = 1, ..., k
r = 1, ..., p
where fℓrs, gℓrs and krs correspond to the equivalence classes of the loops γℓrs, δℓrs, τrs
in π1(S, q0), respectively. Each one of these loops lifts up to Γℓrs(t), ∆ℓrs(t), Υrs(t),
respectively, under the condition that each one of these belong on the leaves of L˜C and
that this foliation is defined by α1|M∗
C
= 0 (see for instance (7)), we have the coefficients
of the linear terms of the holonomy maps are given by
f ′ℓrs(0) = e
− 2pii
p ,
g′ℓrs(0) = e
− 2pii
q ,
k′rs(0) = 1.
Using Lemma 5.1, the proof in this case is finished.
16 ARTURO FERNA´NDEZ-PE´REZ AND GUSTAVO MARRA
• m = 1, n = 0. In this case
Q(x, y) = x
k∏
ℓ=1
Qℓ(x, t),
where Qℓ = (y
p−λℓxq), gcd(p, q) = 1 and aq = pb = d. The set Sing(L˜C)∩ U˜3 splits as
the union of the following connected components:
Cℓrs = {z1 = Qℓ(x1, y1) = w1 − ε
(r)
p (λs) = 0}/Za,
Cy1rs = {z1 = x1 = w1 − ε
(r)
p (λs) = 0}/Za,
where s, ℓ ∈ {1, ..., k}, r ∈ {1, ..., p} and, for each r, ε
(r)
p (λs) is a p-th root of λs. The
group π1(S, q0) is written in terms of generators and its relations as
π1(S, q0) = 〈γℓrs, δℓrs, ξrs : γ
p
ℓrs = δ
q
ℓrs〉 ℓ, s = 1, ..., k
r = 1, ..., p
where, for each ℓ, r, s, γℓrs and δℓrs are loops around C
ℓ
rs and ξrs a loop around C
x1
rs . If
G is the holonomy group of the leaf S of L˜C in the section Σ then
G = 〈fℓrs, gℓrs, hrs〉 ℓ, s = 1, ..., k
r = 1, ..., p
where fℓrs, gℓrs and hrs correspond to the equivalence classes of the loops γℓrs, δℓrs,
ξrs in π1(S, q0), respectively. Each one of these loops lifts up to Γℓrs(t), ∆ℓrs(t), Ξrs(t),
respectively, under the condition that each one of these belong on the leaves of L˜C and
that this foliation is defined by α1|M∗
C
= 0 (see for instance (7)), we have the coefficients
of the linear terms of the holonomy maps are given by
f ′ℓrs(0) = e
− 2pii
q ,
g′ℓrs(0) = e
− 2pii
p ,
k′rs(0) = 1,
Again by Lemma 5.1, the proof in this case is finished.
• m = 0, n = 0. In this case, Q(x, y) =
k∏
ℓ=1
Qℓ(x, t), where Qℓ = (y
p−λℓxq), gcd(p, q) = 1
and aq = pb = d. The set Sing(L˜C) ∩ U˜3 splits as the union of the following connected
components:
Cℓrs = {z1 = Qℓ(x1, y1) = w1 − ε
(r)
p (λs) = 0}/Za,
where s, ℓ ∈ {1, ..., k}, r ∈ {1, ..., p} and, for each r, ε
(r)
p (λs) is a p-th root of λs. The
group π1(S, q0) is written in terms of generators and its relations as
π1(S, q0) = 〈γℓrs, δℓrs : γ
p
ℓrs = δ
q
ℓrs〉 ℓ, s = 1, ..., k
r = 1, ..., p
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where, for each ℓ, r, s, γℓrs and δℓrs are loops around C
ℓ
rs. If G is the holonomy of the
leaf S of L˜C in the section Σ then
G = 〈fℓrs, gℓrs〉 ℓ, s = 1, ..., k
r = 1, ..., p
where fℓrs, gℓrs correspond to the equivalence classes of the loops γℓrs, δℓrs in π1(S, q0),
respectively. Each one of these loops lifts up to Γℓrs(t), ∆ℓrs(t), respectively, under the
condition that each one of these belong on the leaves of L˜C and that this foliation is
defined by α1|M∗
C
= 0 (see for instance (7)), we have the coefficients of the linear terms
of the holonomy maps are given by
f ′ℓrs(0) = e
− 2pii
q ,
g′ℓrs(0) = e
− 2pii
p .
Finally Lemma 5.1 implies that L˜C has a holomorphic non-constant first integral.

5.1. Proof of Theorem 1. Note that Proposition 5.2 implies that the hypotheses of Theorem
2.3, part (b) are verified. Then there exists a germ of holomorphic foliation FM with a non-
constant holomorphic first integral f ∈ O2 such that M = {Re(f) = 0}. Without loss of
generality, we can assume that f is not a power in O2 and therefore so Re(f) is irreducible by
Lemma 2.1. This implies
Re(f) = U · F,
where U ∈ AnR and U(0) 6= 0. Since F (z) = Re(Q(z)) + H(z, z¯) and Q is a quasihomo-
geneous polynomial of quasihomogeneous degree d with weights (a, b), we can write f as the
decomposition
f =
∑
ℓ≥d
fℓ,
where each fℓ is a quasihomogeneous polynomial of quasihomogeneous degree ℓ with weights
(a, b) (see [2, p. 193]). If the power series of U at 0 ∈ C2 is
U(z) = U(0) + U˜(z) = U(0) +
∑
µ1+µ2≥1
ν1+ν2≥1
cµ1µ2ν1ν2z
µ1
1 z
µ2
2 z1
ν1z2
ν2
then
Re(f) = (U(0) + U˜)(Re(Q) +H)
= U(0)Re(Q) + U˜Re(Q) + U(0)H + U˜H.
We need to investigate what terms on the previous equality have quasihomogeneous degree d
with weights (a, b), the sum of these terms will be equal to Re(fd). Set H˜ = U(0)H + U˜H ,
note that the quasihomogeneous terms of H˜ has order strictly greater than d. Writing
Re(f) = Re(fd) +
∑
ℓ>d
Re(fℓ),
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we have, for all λ ∈ C∗
Re(f(λaz1, λ
bz2)) = U(0)Re(Q(λ
az1, λ
bz2))
+U˜(λaz1, λ
bz2)Re(Q(λ
az1, λ
bz2)) + H˜(λ
az1, λ
bz2)
= U(0)Re(λdQ(z1, z2))
+U˜(λaz1, λ
bz2)Re(λ
dQ(z1, z2)) + H˜(λ
az1, λ
bz2)
= U(0)
(
λdQ(z) + λ
d
Q(z)
2
)
+
(
c1000λ
az1 + c0100λ
bz2 + c0010λ
a
z1
+c0001λ
b
z2 + ...
)
Re(λdQ(z)) + H˜(λaz1, λ
bz2)
= U(0)
(
λdQ(z) + λ
d
Q(z)
2
)
︸ ︷︷ ︸
generalized degree is d
+ c1000λ
aλdz1Re(Q(z)) + ...+ H˜(λ
az1, λ
bz2)︸ ︷︷ ︸
generalized degree is greater than d
which means that fd(z) = U(0)Q(z), hence f(z) = U(0)Q(z)+
∑
ℓ>d
fℓ. Without any loss of gen-
erality we may assume that U(0) = 1. In particular, µ(f, 0) = µ(Q, 0), since Q has an isolated
singularity at the origin. According to Theorem 3.2, there exists a germ of biholomorphism
φ : (C2, 0)→ (C2, 0) such that
f ◦ φ−1(z) = Q(z) +
∑
j
cjej(z),
where cj ∈ C and ej are elements of the monomial basis of AQ with deg(ej) > d. Hence
φ(M) =
Re
Q(z) +∑
j
cjej(z)
 = 0

and this finishes the proof of Theorem 1.
Example 5.1. Now we give an application of Theorem 1. Consider the complex quasihomo-
geneous polynomial
Q(x, y) = xa + λx2y2 + yb where a ≥ 4, b ≥ 5, λ 6= 0.
We have Q has isolated singularity at 0 ∈ C2 with µ(Q, 0) = a + b + 1. According to [2,
p. 33], every semiquasihomogeneous function f with principal part Q(x, y) is right equivalent
to Q(x, y). Consequently, if we consider F (x, y) = Re(Q(x, y)) + H(x, y) as a germ of real-
analytic function at 0 ∈ C2 such that M = {F = 0} is Levi-flat then Theorem 1 implies that
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M is biholomorphic to germ at 0 ∈ C2 of real-analytic Levi-flat hypersurface defined by
M ′ = {Re(xa + λx2y2 + yb) = 0} where a ≥ 4, b ≥ 5, λ 6= 0.
6. Isochore normal forms for holomorphic functions
Let f ∈ On be a germ of holomorphic function with an isolated singularity at 0 ∈ Cn such
that its Hessian form
h :=
∑
1≤i,j≤n
∂2f(0)
∂zi∂zj
zizj
is non-degenerate. The classical Morse’s lemma asserts that f is right equivalent to h.
Let ω = a(z)dz1 ∧ ... ∧ dzn, a(0) 6= 0 be a holomorphic volume form on a coordinate system
(z1, ..., zn) on an open set around 0 ∈ Cn. A coordinate system (x1, . . . , xn) is isochore or
volume preserve, if ω can be written as dx1 ∧ . . . ∧ dxn on these coordinates. Then, we say
that a biholomorphism φ : (Cn, 0)→ (Cn, 0) is isochore or volume-preserving if the coordinate
system induced by it is isochore.
In 1977, J. Vey [25] has posed the following question: It is possible to find a coordinate
system isochore such that f is right equivalent to h?. Vey answered negatively to question and
proved the following result.
Lemma 6.1 (Vey [25]). Let f ∈ On, n ≥ 2, with isolated singularity at 0 ∈ Cn such that its
Hessian form h is non-degenerate. Then there exists a germ of a volume-preserving biholomor-
phism φ : (Cn, 0) → (Cn, 0) and a germ of an automorphism ψ ∈ O1, with ψ(0) = 0, such
that
f ◦ φ−1 = ψ ◦ h, ψ(t) = t+ c2t
2 + c3t
3 + . . .
The function ψ is uniquely determined by f up to a sign.
This result was also proved by J-P Franc¸oise [17]. The approach used by Franc¸oise was
later generalized by A. Szawlowski [24] to study of complex quasihomogeneous polynomials and
to the germ of a holomorphic function that is right equivalent to the product of coordinates
z1 · . . . · zn, as stated by the following theorem.
Theorem 6.2 (Szawlowski [24]). Let f ∈ On, n ≥ 2 be a germ of holomorphic function that
is right equivalent to the product of all coordinates: f ∼R z1 · . . . · zn. Then there exists a germ
of a volume-preserving biholomorphism Φ : (Cn, 0)→ (Cn, 0) and a germ of an automorphism
Ψ ∈ O1, with Ψ(0) = 0, such that
f ◦ Φ(z) = Ψ(z1 · ... · zn).
The function Ψ is uniquely determined by f up to a sign.
Note that the above normal form for f is a germ of holomorphic function whose singular set is
of positive dimension (non-isolated singularity). In general, normal forms of germs of functions
with non-isolated singularities are very difficult of find, even for a change of coordinates non-
isochore.
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7. Theorem 2
To prove Theorem 2 we use the following result proved in [13], although it is not stated as
a separate theorem. We restate it here for completeness.
Theorem 7.1 (Ferna´ndez-Pe´rez [13]). Let M = {F = 0} be a germ of an irreducible singular
real-analytic Levi-flat hypersurface at 0 ∈ Cn, n ≥ 2, such that
(1) F (z) = Re(P (z)) +H(z, z¯),
(2) P is a complex homogeneous polynomial of degree k with an isolated singularity at
0 ∈ Cn,
(3) jk0 (H) = 0 and H(z, z¯) = H(z¯, z).
Then there exists a germ at 0 ∈ Cn of holomorphic codimension-one foliation FM tangent to
M . Moreover, the foliation FM has a non-constant holomorphic first integral f(z) = P (z) +
O(|z|k+1), and M = {Re(f) = 0}.
7.1. Proof of Theorem 2. Let M = {F = 0} be a germ at 0 ∈ Cn, n ≥ 2, of an irreducible
real-analytic Levi-flat hypersurface such that
F (z) = Re(z21 + ...+ z
2
n) +H(z, z¯),
where j20(H) = 0, H(z, z¯) = H(z¯, z). Since P (z1, . . . , zn) = z
2
1 + . . .+ z
2
n is a complex homoge-
neous polynomial of degree 2, we can apply Theorem 7.1, so that there exists f ∈ On such that
f(z) = z21 + . . . + z
2
n + O(|z|
3) and M = {Re(f) = 0}. On the other hand, applying Lemma
6.1 to f , there exists a volume-preserving φ : (Cn, 0)→ (Cn, 0) and an automorphism ψ1 ∈ O1,
with ψ1(0) = 0, such that
f ◦ φ−1 = ψ1(2P ), ψ1(t) = t+ c2t
2 + c3t
3 + . . .
Taking ψ := ψ1(t/2) ∈ O1, we have f ◦φ
−1 = ψ◦P . Finally, φ(M) = {Re(ψ(z21+ . . .+z
2
n)) = 0}
and the proof of Theorem 2 ends.
8. Proof of Theorem 3 and Corollary 1
Here we will use the same idea of the proof of Theorem 1. First of all, note that, in dimension
two, under the change of variables z1 = y + ix, z2 = y − ix, and we have z1z2 = x
2 + y2 and
then Theorem 3 follows from Theorem 2, because the singular set of MC is the origin of C
4.
Therefore, we only consider the case n ≥ 3.
Proposition 8.1. Let M be a germ of a singular real-analytic Levi-flat hypersurface at 0 ∈ Cn,
n ≥ 3, satisfying the hypotheses of Theorem 3. Then LC has a non-constant holomorphic first
integral.
Proof. Let M be as in Theorem 3. Then, M is given by {F = 0} where
F (z) = Re(z1 · · · zn) +H(z1, ..., zn),
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and jn0 (H) = 0. Its complexification is
(9) FC(z, w) =
1
2
(z1 · · · zn) +
1
2
(w1 · · ·wn) +HC(z, w),
and therefore MC = {FC = 0} ⊂ (C
2n, 0). By hypotheses, Sing(MC) is the union of the sets
Vijkℓ = {zi = zj = wk = wℓ = 0}, 1 ≤ i < j ≤ n, 1 ≤ k < ℓ ≤ n.
Since Vijkℓ has complex dimension 2n− 4, then the algebraic dimension of Sing(M) is 2n− 4.
On the other hand, it follows from Remark 2.1 that LC is given by α|M∗
C
= 0, where
α =
n∑
i=1
∂FC
∂zi
dzi.
Using (9) we can write α in coordinates (r1, . . . , rn) ∈ Cn as
α =
1
2
n∑
i=1
(
r1 · · · r̂i · · · rn +
∂R
∂ri
)
dri,
where
∂R
∂ri
= 2
∂HC
∂ri
for all i = 1 . . . , n. Then we can consider that LC is defined by α˜|M∗
C
= 0,
where
α˜ =
n∑
i=1
(
r1 · · · r̂i · · · rn +
∂R
∂ri
)
dri.
Let us prove that LC has a non-constant holomorphic first integral. We start with the blow-
up π1 at 0 ∈ C
n with exceptional divisor D1 ∼= P
2n−1. Let [Z : Y ] = [Z1 : . . . : Zn : Y1 : . . . : Yn]
be the homogeneous coordinates of D1. The intersection of M˜C = π
∗
1(MC) with the divisor D1
is the algebraic hypersurface
Q1 := M˜C ∩D1 = {[Z : Y ] ∈ P
2n−1 : Z1 · · ·Zn + Y1 · · ·Yn = 0}.
In the chart (W, (r, ℓ) = (r1, ..., rn, ℓ1, ..., ℓn)) of C˜
2n where
π1(r, ℓ) = (ℓ1r1, ..., ℓ1r2, ..., ℓ1rn, ℓ1, ℓ1ℓ2, ..., ℓ1ℓn).
Then
F˜C(r, ℓ) = FC ◦ π1(r, ℓ) = ℓn1 r1 · · · rn + ℓ
n
1 ℓ2 · · · ℓn +R(π1(r, ℓ))
= ℓn1 (r1 · · · rn + ℓ2 · · · ℓn + ℓ1R1(r, ℓ)),
where R1(r, ℓ) = R(π1(r, ℓ))/ℓ
n+1
1 . Therefore
M˜C ∩W = {r1 · · · rn + ℓ2 · · · ℓn +R1(r, ℓ) = 0},
and
Q1 ∩W = {ℓ1 = r1 · · · rn + ℓ2 · · · ℓn = 0}.
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On the other hand, the pull-back of α˜ by π1 is
π∗1(α˜) =
n∑
i=1
ℓn−11 (r1 . . . r̂i · · · rn) d(ℓ1ri) + θ
= ℓn−11
(
n∑
i=1
ℓ1r1 · · · r̂i · · · rndri + nr1 · · · rndℓ1 + ℓ1θ1
)
,
where θ1 = θ/ℓ
n
1 . In the chart W , the exceptional divisor is written as D1 = {ℓ1 = 0} and L˜C
is given by α1|M˜∗
C
= 0, where
α1 =
n∑
i=1
ℓ1r1 · · · r̂i · · · rndri + nr1 · · · rndℓ1 + ℓ1θ1.
Note that M˜C ∩D1 is invariant by L˜C and moreover
Sing(M˜C) ∩W =
⋃
i,j,k,s
Wi,j,k,s,
where
Wi,j,k,s := {ri = rj = ℓk = ℓs = 0} 1 ≤ i, j, k, s ≤ n where i 6= j, k 6= s and k 6= 1, s 6= 1.
Consider the irreducible component W1,2,2,3 of Sing(M˜C) ∩W . We make a blow-up along this
component; the process of desingularization around the other components of Sing(M˜C)∩W are
similarly obtained by exchanging coordinates. Let E be the exceptional divisor of πℓ : C˜
2n →
C2n. Let ˜˜MC be the strict transform of M˜C and
˜˜LC be the pull-back of L˜C by πℓ respectively.
Let U be an open subset with coordinates (x1, ..., x2n) where the blow-up is
πℓ(x1, ..., x2n) = (x1xn+3, x2xn+3, x3, ..., xn, xn+1, xn+2xn+3, xn+3, xn+4, ..., x2n),
we have
˜˜FC = F˜C ◦ πℓ = x
n
n+1x
2
n+3(x1 · · ·xn + xn+1xn+2xn+4 · · ·x2n + xn+1xn+3R2),
where R2 = R1(πℓ(x1, ..., x2n))/x
3
n+3. Therefore
˜˜MC ∩ U = {x1 · · ·xn + xn+2xn+4 · · ·x2n + xn+1xn+2R2 = 0}
hence
˜˜MC ∩ E ∩ U = {xn+1 = xn+3 = x1 · · ·xn + xn+2xn+4 · · ·x2n = 0}.
The pull-back of α1 by πℓ is
π∗ℓ (α1) = xn+3 (x2 · · ·xnxn+1xn+3dx1 + x1x3 · · ·xnxn+1xn+3dx2+
n∑
i=3
x1 · · ·xnxn+1xn+3
xi
dxi +
nx1 · · ·xnxn+3dxn+1 + 2x1x2 · · ·xnxn+1dxn+3 + xn+1xn+3θ2) ,
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where θ2 = θ1/x
2
n+3. In the chart U , the exceptional divisor is written as
D = D1 ∪D2 = {xn+1 = 0} ∪ {xn+3 = 0}
and ˜˜LC is given by α2| ˜˜M∗
C
= 0, where
α2 = x2 · · ·xnxn+1xn+3dx1 + x1x3 · · ·xnxn+1xn+3dx2 +
n∑
i=3
x1 · · ·xnxn+1xn+3
xi
dxi +(10)
nx1 · · ·xnxn+3dxn+1 + 2x1x2 · · ·xnxn+1dxn+3 + xn+1xn+3θ2,
which allows us to conclude that ˜˜MC ∩D is invariant by
˜˜LC. The singularities of the foliation
˜˜LC on the exceptional divisor in this chart are given by
Sing(˜˜LC) ∩D ∩ U = {xn+1 = xn+3 = x1 · · ·xn = xn+2xn+4 · · ·x2n = 0} .
If we define Ci,n+j = {xn+1 = xn+3 = xi = xn+j = 0} ∼= C2(n−2), then we can write
Sing(˜˜LC) ∩D ∩ U =
⋃
1 ≤ i, j ≤ n
j 6= 1, 3
Ci,n+j .
Since ˜˜MC ∩D is invariant by
˜˜LC, then
S := ( ˜˜MC ∩D) \ Sing(
˜˜LC)
is a leaf of ˜˜LC. Let G be its holonomy group, and p0 ∈ S given by
p0 = (x1, ..., xn, xn+1, xn+1, xn+3, xn+4, ..., x2n) = (1, ..., 1, 0,−1, 0, 1, ..., 1).
Take Σ the transversal section through p0 given by
Σ = {(1, ..., 1, λ,−1, λ, 1, ..., 1) : λ ∈ C}.
Let δi,j(θ) be a loop around Ci,n+j , for 1 ≤ i ≤ n and 4 ≤ j ≤ n, and δi,2(θ) a loop around
Ci,n+2, 1 ≤ i ≤ n with θ ∈ [0, 1]. Each one of these loops lifts up to Γi,j(λ, θ) and Γi,2(λ, θ),
respectively, such that Γi,j(0, θ) = 0, Γi,j(λ, 0) = λ and Γi,j(λ, θ) =
∞∑
k=1
δi,jk (θ)λ
k, for i = 1, ..., n
and j = 2, 4, 5, ..., n. The holonomy map with respect to these loops are
hδi,j (λ) = Γi,j(λ, 1).
Using the expression of α2 given in (10), we get
h′δi,j (0) = e
− 2pii
n+2 , for i = 1, ..., n and j = 2, 4, 5, ..., n.
It follows from Lemma 5.1 that LC has a non-constant holomorphic first integral. 
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8.1. Proof of Theorem 3. Note that Proposition 8.1 implies that the hypotheses of Theorem
2.3, part (b) are verified. Then we get f ∈ On such that the foliation F given by df = 0 is
tangent to M and M = {Re(f) = 0}. Without loss of generality we may assume that f is not
a power in On and therefore Re(f) is irreducible in AnR. We must have that Re(f) = U · F
where U ∈ AnR, U(0) 6= 0. If the Taylor expansion of f at 0 ∈ Cn is
f =
∑
j≥n
fj ,
where fj is a homogeneous polynomial of degree j, then
Re(fn) = j
n
0 (Re(f)) = j
n
0 (U · F ) = U(0)Re(z1 · · · zn),
which means fn(z) = U(0)z1 · · · zn. We can assume that U(0) = 1 and therefore
f(z) = z1 · · · zn +O(|z|
n+1).
This finishes the proof of Theorem 3.
8.2. Proof of Corollary 1. If we assume that f(z) ∼R z1 · · · zn, it follows from Theorem 6.2
that there exists a germ of a volume-preserving biholomorphism Φ : (Cn, 0) → (Cn, 0) and a
germ of an automorphism Ψ : (C, 0)→ (C, 0), such that
f ◦ Φ−1(z) = Ψ(z1 · · · zn).
Hence
Φ(M) = {Re(Ψ(z1 · · · zn)) = 0}.
This finishes the proof of Corollary 1.
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